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Letp=(a,, . . . , a,, d) be a partition of 
n = al(l) + a2(2) + l *.+a,,(n) with d=n+2-(a,+==.+a,,) 
then 
The proof of this formula involves using graphs to count the number of ways in which a 
permutation can reasonably be written as the product of transpositions. 
1. Background 
While teaching acombinatoks course, I decided to have my students count the 
number of ways in which a permutation can reasonably be represented as the 
product of transpositions, that is, only the minimum number can be used and if 
two representations differ only in the order of their transpositions they are to be 
counted as equivalent. The only proof I have been able to devise involves a fairly 
large part of combinatorics but seems to have very little to do with any of the 
matters on which it touches. 
2, A preliminary count 
Let CT be a permutation on 19 + 2 letters, and let R = {tI l l l t,} be a 
representation of o by transpositions. The graph G(R) of this representation will 
have as vertices the II + 2 letters and we will use the expression (a, b) to denote 
both the edge between a and b and the transposition i terchanging a and b. Thus 
if (a, b) = ti the graph G(R) has (cc, b) as an edge. 
Lemma 1. G(R) is tree iff r = is +- 1 and CT is a cycle moving all n + 2 letters. 
Proof. If o is not a cycle, then any minimal representation uses fewer than n + 1 
transpositions, o that G(R) is not connected. On the other hand, if G(R) is not 
connected then the product of the edges over any component commutes with that 
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over any other component so that CT has several cycles, some of which may 
involve only one letter. 
It is standard practice [l] to identify the labelled trees on n + 2 vertices with the 
sequences of length II on IZ + 2 letters by the following correspondence: Among 
those vertices of T having degree 1, select he vertex v with minimum label, write 
the label of its unique neighbor as first letter of the sequence and strike z1 and its 
edge from T. In this correspondence, ach vertex of degree d + 1 occurs d times 
in the corresponding sequence. Thus there are clearly (n + 2)” labelled trees on 
n + 2 vertices. Since every tree has (n + l)! edge orderings and each edge 
ordering produces ome cycle, there are (n + 2)” ways to write any cycle on n + 2 
letters as the product of n + 1 transpositions. 
Firqosition. Let p = (a,, . . . , a,,, d) be a partition of n, that is, n = al + 2a2 + 
3a3+- l =+na,,andd=n+2-(a,+===+a,,). Then 
(n+2y=c(a1, n+2a 
P --*9 nr 
d 
,( 
~,~._.,Ig.~.,2j . . . . &. 
=1 Q2 4” 1 
Proof. An alternate way of looking at this equation would be to notice that 
(L2, l l l 9 n + 2) = (i, i + t)(i + t + 1, i -l- t + 2, . . . , n + 2, 1, . . . , i)(i + 1, i + 2, 
. . . , i + t). 
Since (i + t + 1, . . . , i) has (n + I- t)n-l-r representations and (i + 1, . . . , i + t) 
has P2 representations, we have 
(n+2)“=~n~~‘(t_“,)(n+2-t~~ftf~2 
f=l i=l 
n 
= 
z(> 
n (n + 1 -j)“-‘(j + ly’-‘, 
j=0 j 
and the formula 
(n+2)‘=C(al n+; d)(l 
P ,*=*, n, ; ,..‘, ,..., n)* 
Unfortunately, this count does not identify representations which differ only in 
the order of their transpositions. 
3. The reasonable count 
If T has edges {e,, . . . , en+, } than an edge ordering 6 of T is any of the (n + l)! 
ordered (n + I)-tuples of distinct edges. 
. If the vertices of a tree T are identified with those of a regular 
(n + 2)-gon, in the order a, = 1, a2, . . . , a,,+2, and if we require all edges to be 
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straight lines then T has an edge ordering for the cycle o = (1, a2, . . . , a,,+,) iff no 
two edges of T cross. 
Proof, The transpositions involved in getting from ai to ai+l must always occur in 
the same order in any edge ordering of T that produces cr. 
Since T is a tree, there is exactly one edge path in T from ai to ai+l, given by a 
certain set of transpositions, say (ai, b,), (61, b2), . . . , (b,, ai+l). Thus any 
ordering of the edges of T which produces a permutation taking ai to ai+l must 
have all the edges adjacent o ai+l preceding (b,, ai+l). 
Definition. If T is a labelled tree with edge order 6 and (T, 0) is the cycle 
obtained by multiplying the edges of T in the order 6. We call S, - S, if 
(T, $) = (T, 02). Let K, be the number of equivalence classes of all labelled and 
edge ordered trees on n + 2 vertices. Since for all I and j we have (1,2, . . . , n + 
2) = (r, r + 1, . . . ,r+j)(l,r)(r+j+l,. . . ,n+2,1)(2,. . . ,r) where we in- 
clude the degenerate classes r + 2, j = 0 and r + j = n + 2, we now have 
K(n + 1) = 
c 
K(i)K(j)K(k) 
(n + l)! i+j+k=n i! j! k! l (1) 
Clearly the first few values of K(i)/i! are 1, 3, 12, 55 for n = 0, 1,2,3. If we 
assume that 
for all i s n then 
K(n + 1) 
(n+l)! =i+~=n(3’t’)(3’~1)(3k:1) (3i+l)i3j&k+1). 
In [2], its shown that the right side of this is 
( 3(n + 1) + 1 > 1 K(n + 1) n+l GTi= (n+l)!’ ‘O’ 
TIworear. The number of rtizronable representatives is 
which is just 
1 
(n + l)! 
(the number of bbelled, edge-wdered trees on n + 2 vertices}. 
We now proceed to count the equivalence classes in a different way. If T has 
edge order 6 and the edges ti = (a, 6) and ti+l = (c, d) are disjoint as transpos- 
itions then (T, 0) = (tl, . . . , ti - 1, ti + 1, tip ti + 2, . . . 3 t,+l). 
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proposition. The equivalence relation on the orderings of T is the closure of the 
above operation. 
proof, At any stage in making a sequence of simple exchanges of transpositions, 
the ones involved are adjacent and disjoint. 
To End out how many equivalence classes a given T contributes, we note that a 
star (a tree with sequence [a, a, . . . , a]) has (n + l)! different orderings. If T is 
not a star then it has at least one vertex of degree one, whose unique neighbor v 
is not adjzcerlt to every other vertex. Let T’ be the tree obtained by removing v, 
the edges on v, and all vertices adjacent only to v. Then for every ordering of T’ 
the (degree v)! different orderings of the edges on v produce all different 
orderings on T. Thus v contributes (d + l)! to the number of equivalence classes 
for T, whence 
n+2 
)( 
n 
al, . . . , a,, d 1, . . . , 1, . . . , n 
fi [(i + l)!]“i 
i=l 
or 
n i-2 
al,. . . , a,, d 
fi(i+l)D., 
i=l 
the peculiar formula. 
I would very much like to know if these formulas are specific cases of some 
more general type of formula and I would particularly like to see proofs that have 
at least something to do with partitions. The referee has pointed out that (1) is 
similar to the identity for Catalan numbers. Can this be exploited? 
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